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Entanglement in composite bosons realized by deformed oscillators
A.M. Gavrilik and Yu.A. Mishchenko
Bogolyubov Institute for Theoretical Physics of NAS of Ukraine, 14b Metrolohichna str., Kyiv 03680, Ukraine∗
Composite bosons (or quasibosons), as recently proven, are realizable by deformed oscillators and
due to that can be effectively treated as particles of nonstandard statistics (deformed bosons). This
enables us to study quasiboson states and their inter-component entanglement aspects using the
well developed formalism of deformed oscillators. We prove that the internal entanglement char-
acteristics for single two-component quasiboson are determined completely by the parameter(s) of
deformation. The bipartite entanglement characteristics are generalized and calculated for arbitrary
multi-quasiboson (Fock, coherent etc.) states and expressed through deformation parameter.
PACS numbers: 03.67.-a, 03.67.Mn, 03.65.Ud, 02.20.Uw
I. INTRODUCTION
Composite bosons are encountered in diverse branches
of quantum physics ranging from (sub)nuclear (mesons,
higgson, light even nuclei) and condensed matter (ex-
citons, cooperons) physics to atomic, molecular and
quantum information (biphotons) theory. As composite
bosons components are usually entangled, generic bipar-
tite entangled states [1, 2] used in quantum information
applications [3] can be viewed also as quasibosonic states,
local or nonlocal. The treatment of many quasibosons
system is quite involved due to their substructure. It can
be performed directly using polylinear representation of
quasibosons’ creation/annihilation operators by the con-
stituents’ ones, like in [4]. In some limit quasibosons ap-
proach pure bosons; as shown in [5, 6], a good criterium
to estimate the extent of approaching can be presented
in terms of the entanglement of quasiboson constituents.
Also, quasibosons can be modeled [7–9] by deformed
bosons (deformed oscillators [10]), a nonlinear general-
ization of usual bosons. That enables to cover a wide
class of quasiboson wavefunctions, and to encapsulate
the peculiarities of internal structure into deformation
parameters. Note that the theory of deformed oscillators
was actively developed in the last two decades, includ-
ing both q-deformations and generalized deformed oscil-
lator [11, 12]. The deformed oscillators were efficiently
used to treat nucleons and quarks [13], molecules [14], ex-
citons [15], phonon systems [16], Bose-Einstein conden-
sation [17], particles of non-standard statistics [18], in-
teracting particles systems [19]. Besides, many-particle
systems of (mainly q-) deformed bosons were explored
in the context of thermodynamics [20, 21] and correla-
tions [22–24].
In this paper we explore the role of entanglement
for a special class of bipartite quasibosons, consisting of
two fermions or two bosons, which admit realization,
at the level of creation/annihilation operators, by de-
formed bosons. The approach developed in [8, 9] allows
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us here to establish direct connection between the (de-
gree/measure of the) entanglement within a composite
boson and the (parameter of the) deformation. We cal-
culate the measures of bipartite entanglement also for
multi-quasibosonic states, e.g. Fock states or coherent
state, and express them through the deformation param-
eter.
II. QUASIBOSON AS ENTANGLED BIPARTITE
SYSTEM
Bipartite quasiboson can be viewed as entangled sys-
tem regarding to its components. Quasiboson state vec-
tor in α-th mode, as an element of tensor product of
components’ Hilbert spaces, is expressed in the general
form
|Ψα〉=
∑
µν
Φµνα |aµ〉⊗|bν〉, |aµ〉≡ a†µ|0〉, |bν〉≡ b†ν |0〉 (1)
with the creation operators a†µ, b
†
ν of the constituents
(both pure fermions, or both pure bosons) and complex
da × db matrix ‖Φµνα ‖. For such bipartite state, the
corresponding Schmidt decomposition [3] does hold:
|Ψα〉 =
min(da,db)∑
k=1
λαk |vαk 〉 ⊗ |wαk 〉 (2)
where
∑
k(λ
α
k )
2 = 1 that implies normalized states |Ψα〉.
The set of real coefficients λαk is unique up to permuta-
tions for any fixed state |Ψα〉. Each ingredient of Schmidt
decomposition (i.e. λαk , |vαk 〉, |wαk 〉) depends on the state
|Ψα〉. If the number of indices k for which λαk 6= 0 is
greater than one then the state |Ψα〉 is entangled, other-
wise it is separable.
III. QUASIBOSONS REALIZED BY
DEFORMED OSCILLATORS
In this work we deal with the special class of quasi-
bosons, i.e. those which can be represented by deformed
2oscillators. Detailed description of such an approach is
given in [8, 9]. Here we only sketch some results on the
realization of quasibosons by deformed oscillators, nec-
essary for subsequent analysis. The creation operator
for the composite ”fermion+fermion” or ”boson+boson”
type quasiboson in the state (1) is taken, see [7–9], as
A†α =
∑
µν
Φµνα a
†
µb
†
ν , so that |Ψα〉 = A†α|0〉. (3)
We intend to find the algebra, generated by Aα, A
†
α
and Nα ≡ φ−1(A†αAα), corresponding to multimode sys-
tem of commuting deformed oscillators, each mode being
given by the structure function φ(N) [12]. Then, on the
subspace of all the quasibosons states, i.e. linear span of
{(A†γ1)m1 · ... · (A†γn)mn |0〉|n ∈ N}, there should hold
[Aα, A
†
β] ≡ −ǫ∆αβ = 0 for α 6= β, (4a)
[Nα, A
†
α] = A
†
α, [Nα, Aα] = −Aα, (4b)
[Aα, A
†
α] ≡ 1− ǫ∆αα = φ(Nα + 1)− φ(Nα), (4c)
where ǫ = +1 or ǫ = −1 if the constituents are respec-
tively fermions or bosons1. Note that in (4a), (4c) we
have used the orthonormality condition Tr(ΦαΦ
†
β) = δαβ
and denoted by ∆αβ the deviation from standard Bose
commutation relations, namely
∆αβ =
∑
µµ′
(ΦβΦ
†
α)
µ′µa†µ′aµ +
∑
νν′
(Φ†αΦβ)
νν′b†ν′bν .
Equality (4a) guarantees independence of different modes
of quasibosons. It is equivalent, as proven in [8, 9], to the
following relation involving the matrices Φ:
ΦβΦ
†
αΦγ +ΦγΦ
†
αΦβ = 0, α 6= β. (5)
Basing on (4b) and (4c), rewritten as F ≡ ǫ∆αα− 1+
φ(Nα+1)−φ(Nα) = 0, we calculate the n-th commutator[
...
[
F,A†α
]
...A†α
]
= 2δn,1
∑
µν
(ΦαΦ
†
αΦα)
µνa†µb
†
ν+
+ (A†α)
n
{n+1∑
k=0
Ckn+1φ(Nα+k)(−1)n+1−k
}
(4c)
= 0. (6)
Eq. (6) yields one more requirement for matrices Φα,
ΦαΦ
†
αΦα =
f
2
Φα (7)
with the (deformation) parameter f ≡ ǫ · (2 − φ(2)) =
2Tr(Φ†αΦαΦ
†
αΦα) shared by all the modes α, and the
recurrence relation for the structure function φ:
φ(n+ 1) =
n∑
k=0
(−1)n−kCkn+1φ(k), n ≥ 2. (8)
1 Although the papers [8, 9] deal with the case of fermionic con-
stituents, the treatment of quasibosons built from pure bosonic
constituents proceeds along similar lines, and the resulting for-
mulas in the both cases can be given in a unified way using ǫ.
Its general solution, obeying the initial conditions φ(1) =
1 and φ(2)=2−ǫf , can be written in the form
φ(n) =
(
1 + ǫ
f
2
)
n− ǫf
2
n2. (9)
General solution for matrices Φα which satisfy equa-
tions (5), (7) and the orthonormality condition was found
in [9]. It is expressed in the block-diagonal form, using
arbitrary fixed unitary matrices U1(da) and U2(db):
Φα=U1(da) diag
{
0..0,
√
f/2Uα(m), 0..0
}
U †2 (db). (10)
Here the m×m block
√
f/2Uα(m) is at its α-th place,
and does not intersect with the corresponding blocks of
other matrices Φβ . Also, during the derivation we have
found that the deformation parameter f takes only dis-
crete values: f/2 = 1/m.
IV. MEASURES OF THE ENTANGLEMENT
WITHIN QUASIBOSON
Our consideration, as indicated, deals with quasi-
bosons which are realized by deformed oscillators. So, ac-
cording to (10) we have the following explicit form of Φα:
Φα = U1(da) diag
{
0..0,
√
f/2Uα(m), 0..0
}
U †2 (db) =
=U1(da) diag
{
0,
√
f/21m, 0
}
diag
{
1, Uα(m),1
}
U †2 (db)=
= U1(da) diag
{
0..0,
√
f/2 1m, 0..0
}
U˜2(db)
where U˜2(db) ≡ diag
{
1, Uα(m),1
}
U †2 (db). Using the lat-
ter we rewrite the state |Ψα〉 in the form of Schmidt de-
composition (2), namely
|Ψα〉=
m∑
k=1
1√
m
|vαk 〉⊗|wαk 〉, |vαk 〉=Uµk1 |aµ〉, |wαk 〉= U˜kν2 |bν〉,
λαk = λ =
√
f/2 = 1/
√
m. (11)
As seen, it is the parameter m (linked with the param-
eter f of deformation as f2 =
1
m ) that determines the
Schmidt coefficients λαk . Then, the degree of entangle-
ment is characterized by the following quantities (see e.g.
reviews [1, 2] for their definition):
• Schmidt rank, the number of non-vanishing
Schmidt coefficients λαk , here equal to m;
• Schmidt number (and the purity P of subsystem)
K =
[∑
k
(λαk )
4
]−1
= 1/P = m; (12)
• Entanglement entropy
Sentang = −
∑
k
(λαk )
2 ln(λαk )
2 = ln(m); (13)
3• Concurrence
C =
[
m
m− 1
(
1−
∑
k
(λαk )
4
)]1/2
= 1. (14)
Remark 1. The inequalities obtained in [6] in our terms
take the form (see [5] for the definition of χN)
1−N/m ≤ χN+1/χN ≤ 1− 1/m. (15)
¿From (12)-(14) we see that the greater is m, the greater
is entanglement of fermions (bosons) in the quasibo-
son, and the smaller is the deformation parameter f .
Hence, in view of (9), a strongly entangled quasiboson
approaches pure boson, for small enough quantum num-
bers N :
φ(N) ≈ φboson(N) ≡ N, N ≪ m, m≫ 1.
Note however that quasibosons cannot, especially for
large N , be strictly realized as pure bosons [9].
Using Schmidt decomposition we can write the follow-
ing expression for quasiboson creation operator:
A†α =
m∑
k=1
λαk v
α†
k w
α†
k , v
α†
k ≡ Uµk1 a†µ, wα†k ≡ U˜kν2 b†ν . (16)
It is worth noting that, due to unitarity of U1 and U˜2,
the operators vk and wk obey the same commutation
relations as aµ and bν , i.e. (the same hold for wk):
{vαk , vβ†k′ } = δkk′δαβ , {vα†k , vβ†k′ } = 0, if ǫ = +1,
[vαk , v
β†
k′ ] = δkk′δαβ , [v
α†
k , v
β†
k′ ] = 0, if ǫ = −1.
Then we can rewrite the deviation ∆αα as
∆αα =
m∑
k=1
(λαk )
2(vα†k v
α
k + w
α†
k w
α
k )
in terms of vαk and w
α
k instead of aµ and bν.
Now let us convert some of the statements into the
“density matrix” formalism. Using (2), the density ma-
trix for our composite system reads
ρα =
∑
k,j
λαkλ
α
j |vαk 〉〈vαj | ⊗ |wαk 〉〈wαj |.
With (11) this yields the density matrices for subsystems:
ρ(a)α = Trb ρα =
m∑
k=1
1
m
|vαk 〉〈vαk |,
ρ(b)α = Tra ρα =
m∑
k=1
1
m
|wαk 〉〈wαk |.
Thus we have obtained mixed states for the subsystems
(for m > 1). That means that the whole composite sys-
tem is in entangled state. So, in terms of the density ma-
trix we equivalently (compare with (12) and (13)) find:
• the Schmidt number
K = 1/Tr(ρ(a)α )
2 = 1/Tr(ρ(b)α )
2 = m;
• the entanglement entropy
Sentang=−Tra ρ(a)α ln ρ(a)α =−Trb ρ(b)α ln ρ(b)α =ln(m).
Recall that m originates from (and determines) the con-
sidered deformation, see (9)-(11), used to realize quasi-
bosons (3). At the same time it appears to be the mea-
sure of entanglement for the state of one quasiboson.
V. ENTANGLEMENT IN MULTI-QUASIBOSON
STATES
Unlike previous case where the subsystems were ele-
mentary, it is possible to introduce (in a natural way) the
bipartite entanglement for multi-quasiboson states using
instead of elementary subsystems their tensor products.
So, let us now extend the previous treatment to the case
of most general multi-quasibosons states
|Ψ〉 =
∑
{mγ}
Ψ
({mγ})(A†γ1)mγ1 · ... · (A†γD )mγD |0〉 (17)
where {mγ} is a set of occupation numbers for all quasi-
bosonic modes γ∈{γ1,...,γD}; Ψ
({mγ})≡Ψ(mγ1 , ...,mγD )
is a state wavefunction in second quantized representa-
tion. The summation in (17) runs over all possible sets
of occupation numbers {mγ} for quasibosons. The states
(17) are considered as bipartite entangled with respect
to a- and b-subsystems. That is, the first or a-subsystem
collects all the a-type fermions (bosons), and likewise b-
subsystem collects all the b-type fermions (bosons).
Remark 2. Since for ǫ = +1 the operators A†γ , as one can
show, are nilpotent of orderm+1, we have the restriction
mγ ≤ m for this case. Then, the sum in (17) is finite if
the set of modes α is finite. However, for the case ǫ = −1
the operators A†γ are not nilpotent, and the sum in (17)
can in general be infinite, like for coherent states.
Let us write using (16) the building block of this state
in the form
(A†γ)
mγ =
( 1
m
)mγ/2
mγ !
∑
k1≤...≤kmγ
vγ†k1 ...v
γ†
kmγ
Rk1...kmγ
⊗
wγ†kmγ ...w
γ†
k1
Rk1...kmγ
(18)
which corresponds to Schmidt decomposition;
Rk1...kmγ ≡
∣∣vγ†k1 ...vγ†kmγ|0〉∣∣ = ∣∣wγ†kmγ ...wγ†k1 |0〉∣∣ is nor-
malizing coefficient. Introducing multiindex notations
kγ=(k1, ..., kmγ ), V
γ†
kγ ≡
vγ†k1 ...v
γ†
kmγ
Rk1...kmγ
, W γ†kγ ≡
wγ†kmγ ...w
γ†
k1
Rk1...kmγ
,
4we rewrite the operator (18) more compactly:
(A†γ)
mγ =
( 1
m
)mγ/2
mγ !
∑
ordered kγ
V γ†kγ ⊗W γ†kγ .
Then the initial state (17) is written as extended Schmidt
decomposition, cf. (2), (with summation over the set of
ordered kγ1 , ..., kγD):
|Ψ〉=
∑
{mγ}
∑
kγ1,...,kγD
Λkγ1,...,kγD ·V γ1†kγ1 ...V γD†kγD ⊗W γD†kγD ...W γ1†kγ1 |0〉,
Λkγ1 ,...,kγD = Ψ
({mγ})( 1
m
)(mγ1+...+mγD )/2
mγ1 !...mγD !,
with the coefficients Λkγ1 ,...,kγD . On its base we calculate
the characteristics of bipartite entanglement:
• Schmidt number (defined as in (12))
K=
[∑
{mγ}
∣∣Ψ({mγ})∣∣4( 1
m
)2 D∑
j=1
mγj
D∏
j=1
(mγj !)
4N
mγj
m
]−1
; (19)
• Entanglement entropy (defined as in (13))
Sentang=−
∑
{mγ}
|Ψ({mγ})|2( 1
m
) D∑
j=1
mγj
D∏
j=1
(mγj !)
2N
mγj
m ·
· ln
[
|Ψ({mγ})|2( 1
m
) D∑
j=1
mγj
D∏
j=1
(mγj !)
2
]
. (20)
Here N
mγ
m = C
mγ
m for quasibosons composed of two pure
fermions, and N
mγ
m = C
m−1
m+mγ−1
for quasibosons com-
posed of two pure bosons (Cnm is binomial coefficient).
Example 1. Let us calculate the characteristics of en-
tanglement for the normalized multi-quasibosonic Fock
state [φ(mα)!]
−1/2(A†α)
mα |0〉 for a fixed mode α (here
the φ-factorial means φ(n)!
def
= φ(1) · ... · φ(n)). For such
a state the amplitude Ψ for the configuration {mγ =
mα, γ = α; mγ = 0, γ 6= α} of occupation num-
bers is Ψ = [φ(mα)!]
−1/2, while for other configurations
Ψ = 0. Taking into account that, for our structure func-
tion (9), φ(n)!|ǫ=+1 = (n!)2Cnm/mn and φ(n)!|ǫ=−1 =
(n!)2Cnm+n−1/m
n we obtain:
Kǫ=+1=C
mα
m , Kǫ=−1=C
mα
m+mα−1
;
Sentang|ǫ=+1=lnCmαm , Sentang|ǫ=−1=lnCmαm+mα−1.
(21)
Example 2. Likewise we can consider n-quasiboson state
when all quasibosons are in different modes:
|Ψ〉 = A†γ1 · ... ·A†γn |0〉, γi 6= γj , i 6= j, i, j = 1, ..., n.
Performing similar calculations we find:
Kǫ=+1 = Kǫ=−1 = m
n;
Sentang|ǫ=+1 = Sentang|ǫ=−1 = n ln(m). (22)
Remark 3. Notice that in (12), (13) and in the Examples
1 and 2 we have simple rule: the entanglement entropy
is Sentang = lnK.
Example 3. It is of interest to calculate the entanglement
characteristics for a quasiboson’s coherent state, which
exists only if quasiboson consists of two bosons (when ǫ =
−1, see Remark 2), like biphoton. So, the coherent state
for single quasibosonic mode α (recall that Aα|Ψα〉 =
Aα|Ψα〉, and Aα is defined by (3)) can be expressed as
the series (we drop subscript α in Aα)
|Ψα〉= C˜(A;m)
∞∑
n=0
An
φ(n)!
(A†α)
n|0〉,
C˜(A;m)=
( ∞∑
n=0
|A|2n
φ(n)!
)−1/2
=
[
(m−1)!Im−1(z)
(z/2)m−1
]− 1
2
=
= e−|A|
2/2
[
1 +
1
4
|A|4
m
+ ...
]
, z = 2
√
m|A|,
where Im−1(z) is the modified Bessel function of order
m− 1. For this state we obtain
K = C˜−4
[
∞∑
n=0
(Cnn+m−1)
−3 (|A|2m)2n
(n!)4
]−1
=
= C˜−4/0F3(m,m,m;|A|4m2)=e2|A|
2
[
1−2 |A|
4
m
+...
]
, (23)
where 0F3 is the hypergeometric function, and also
Sentang = C˜
2
∞∑
n=0
(|A|2m)n
(n!)2Cnn+m−1
ln
[
(n!)2(Cnn+m−1)
2
C˜2(|A|2m)n
]
=
= |A|2
[
1− 1
2
(1 + |A|2) |A|
2
m
+ ...
]
ln
m
|A|2+
+ |A|2
[
1 +
(
1− |A|
2
2
) |A|2
m
+ ...
]
. (24)
As we have shown, the concept of bipartite entangle-
ment admits natural generalization to arbitrary multi-
quasibosonic (including coherent) states. The degree of
such entanglement in general depends on the wavefunc-
tion Ψ
({mγ}), see (17), but for the ordinary Fock states
we find: it is greater the greater is m and (if ǫ = −1) the
number of quasibosons in the state.
VI. SUMMARY
We have proven that for composite bosons realized by
deformed bosons (deformed oscillators) the entanglement
characteristics are unambiguously, see (12)-(14), deter-
mined by the deformation parameter f = 2/m, and
conversely, the degree of the entanglement between con-
stituents determines the strength of deformation. Thus,
it is the internal entanglement of the constituents that
reveals the physical meaning of the deformation parame-
ter. Similar results, as seen from (19)-(20), have been es-
tablished also for the multi-quasiboson states considered
5as a bipartite system, particularly for Fock states (21)-
(22) and for the coherent states (23)-(24). It would be
important to uncover physical implications of the estab-
lished relation between entanglement and deformation,
for those systems of particles of composite nature where
deformed oscillators find efficient applications (e.g. pi-
ons [25, 26], excitons [15] and alike).
ACKNOWLEDGMENTS
This research was partially supported by the Special
Program of the Division of Physics and Astronomy of
NAS of Ukraine.
[1] R. Horodecki et al., Rev. Mod. Phys. 81, 865942 (2009).
[2] M. C. Tichy, F. Mintert, and A. Buchleitner,
J. Phys. B: At. Mol. Opt. Phys. 44, 192001 (2011).
[3] M. A. Nielsen and I. L. Chuang, Quantum Computation
and Quantum Information (Cambr. Univ. Press, 2000).
[4] M. Combescot and O. Betbeder-Matibet,
Phys. Rev. Lett. 104, 206404 (2010).
[5] C. K. Law, Phys. Rev. A 71, 034306 (2005).
[6] C. Chudzicki, O. Oke, and W. K. Wootters,
Phys. Rev. Lett. 104, 070402 (2010).
[7] S. S. Avancini and G. Krein,
J. Phys. A: Math. Gen. 28, 685 (1995).
[8] A. M. Gavrilik, I. I. Kachurik, and Yu. A. Mishchenko,
Ukr. J. Phys. 56, 948 (2011).
[9] A. M. Gavrilik, I. I. Kachurik, and Yu. A. Mishchenko,
J. Phys. A: Math. Theor. 44, 475303 (2011).
[10] D. Bonatsos and C. Daskaloyannis,
Prog. Part. Nucl. Phys. 43, 537 (1999).
[11] V. I. Man’ko et al., Int. J. Mod. Phys. A 8, 3577 (1993).
[12] S. Meljanac, M. Milekovic, and S. Pallua,
Physics Letters B 328, 55 (1994).
[13] K. D. Sviratcheva, C. Bahri, A. I. Georgieva, and J. P.
Draayer, Phys. Rev. Lett. 93, 152501 (2004).
[14] D. Bonatsos and C. Daskaloyannis,
Phys. Rev. A 46, 75 (1992).
[15] M. B. Harouni, R. Roknizadeh, and M. H. Naderi,
J. Phys. B: At. Mol. Opt. Phys. 42, 095501 (2009).
[16] M. R-Monteiro, L. M. C. S. Rodrigues, and S. Wulck,
Phys. Rev. Lett. 76, 1098 (1996).
[17] A. Algin, J. Stat. Mech. , P10009 (2008).
[18] O. W. Greenberg and R. C. Hilborn,
Phys. Rev. Lett. 83, 4460 (1999).
[19] A. M. Scarfone and P. Narayana Swamy,
J. Phys. A: Math. Gen. 41, 275211 (2008).
[20] A. Algin, M. Arik, and A. S. Arikan,
Phys. Rev. E 65, 026140 (2002).
[21] A. Lavagno and P. Narayana Swamy,
Phys. Rev. E 65, 036101 (2002).
[22] D. V. Anchishkin, A. M. Gavrilik, and N. Z. Iorgov,
Eur. Phys. J. A 7, 229 (2000).
[23] L. V. Adamska and A. M. Gavrilik,
J. Phys. A: Math. Gen. 37, 4787 (2004).
[24] A. M. Gavrilik and A. P. Rebesh,
Eur. Phys. J. A 47, 55 (2011).
[25] A. M. Gavrilik, SIGMA 2, 074 (2006).
[26] C. I. Ribeiro-Silva, E. M. F. Curado, and M. A. Rego-
Monteiro, J. Phys. A: Math. Gen. 41, 145404 (2008).
